The modular group PS L 2 (7) with a generalised CP symmetry is used to predict lepton mixing patterns.
I. INTRODUCTION
CP violating in the hadron sector was observed in 1964 [1] . Whether there is a counterpart in the lepton sector is still a mystery. Results of experiments of neutrino oscillation show that the 1-3 mixing angle of leptons is nonzero [2] [3] [4] [5] , which provide the potential to detect the Dirac CP violating phase in the future experiments. Specially, some fit results [6, 7] hint that it approximates − π 2 . In the theoretical respect, how to predict nontrivial leptonic CP phases is interesting. In order to obtain mixing parameters of leptons, discrete flavor symmetries are widely used .
However, if no perturbation is considered, only finite groups of large order could accommodate the results of new experiments [35] . Furthermore, they give a trivial Dirac CP violating phase [35] .
To overcome the shortcoming of flavor groups, some efforts have been made in generalizations of symmetries [42, 43] . Specially, a intriguing method called generalised CP (GCP) symmetry was introduced . In this scenario, the leptonic Largrangian satisfies both flavor and GCP symmetry. After spontaneous symmetries breaking, the residual flavor and GCP symmetries constrain the structure of mass matrix in charged leptons and neutrinos sector. Then information on lepton mixing mixing angles and CP phases are obtained. From groups S 4 , A 5 with GCP symmetries, a trivial or maximal Dirac CP phase is obtained [46, 56] . The maximal Dirac phase satisfies the 1σ constraint from the new recent global fit data in case of inverted mass ordering [65] . It is not in the 1σ range for the normal mass ordering. S 4 , A 5 are finite modular groups of small order. We want to know whether a large one could give a more fit CP phase. In this paper, we study the predictions of the modular group PS L 2 (7) with the GCP symmetry in the case of Majorana neutrinos.
We suppose that residual symmetries in neutrinos and charged leptons sectors are Z 2 × CP. Here CP denotes a GCP symmetry. After examinations of combinations of residual symmetries, we find seven types of mixing patterns at the 3σ level of the fit data [65] . Among them, three types satisfy the 1σ constraint. So the group PS L 2 (7) with the GCP symmetry may serve as an candidate for explanations to experiments accommodable mixing patterns. This paper is organise as follows. In Section II, the framework for the application of the group PS L 2 (7) with the GCP symmetry is troduced. In Section III, the results from examination of the residual symmetries are presented. Finally, a summary is made.
II. FRAMEWORK
In this section, we describe the basic facts of the group PS L 2 (7) and summarize the method of deriving lepton mixing patterns from the residual flavor and the GCP symmetries.
A. Group theory of PS L 2 (7)
Generic facts
The group PS L 2 (7) is also named Σ(168). It could be constructed with two generators which satisfy following relations [66] :
where E is the identity element. This group has 6 conjugacy classes listed as follows [66] :
where iC j denotes that the class contains i elements of order j. Accordingly, there are 6 irreducible representations, namely,
Without loss of generality, we consider the 3-dimensional representation 3 in following sections.
Accordingly, the generators could be expressed as [66] 
where
Resorting to the conjugacy classes, we can obtain abelian subgroups of PS L 2 (7). These groups are candidates of the residual symmetries for leptons. In this paper we consider the residual symmetry Z 2 × CP for leptons. So Z 2 subgroups are relevant. There are 21 Z 2 subgroups which are identified with the generators of them [66] , i.e.,
A 12 :
2. Automorphism of PS L 2 (7)
An automorphism of a group is a transformation which permutates elements of the group.
These transformations form a group, namely the automorphism group. For the group PS L 2 (7), the structure of the automorphism group is simple which is listed as follows
where Z, Aut, Inn, Out denotes the centre, the automorphism group, the inner automorphism, and the outer automorphism group respectively. In detail, the inner automorphism group is composed of permutations of elements in the same conjugacy class. And the outer automorphism group consists of those between the different conjugacy classes which reflect the symmetries of the character table which is shown in Table I . The unique nontrivial outer automorphism of the group PS L 2 (7) is
The representation of u could be obtained from its action on the generators S , T , i.e.,
In the 3-dimensional representation, the specific equations of the transformation read
And the solution is
Since the global phase is trivial for the lepton mixing patterns, we choose e iα = 1 in the following sections. A general automorphism is the product of the inner and the outer one. It could be expressed as
where ρ 3 (g i ) is the 3-dimensional representation of the group element. 
The GCP transformation acts on the flavor space as
where Φ is the multiplet of the fields, X is a unitary matrix, and Φ C is the CP conjugation of Φ. In contrast, the flavor group acts on the fields as
Accordingly, the consistence condition of GCP is [45] (
Therefore, X is an automorphism of the flavor group PS L 2 (7). These GCP transformations form an automorphism group CP. And the general theory satisfies the symmetry PS L 2 (7) CP. After fermions obtain masses from the vacuum expectation values of scalar fields, the original symmetry PS L 2 (7) CP is broken to G e CP e in the charged lepton sector and G ν CP ν in the neutrino sector. Thus for the mass matrices of charged leptons and Majorana neutrinos, we have following
And the CP transformation X follows the relations
Since masses of leptons are non-degenerate, the CP transformation X should be a symmetric unitary matrix [56] , i.e.,
So X α can be decomposed as
This kind of CP transformations is called BickerstaffDamhus automorphism (BDA) [67, 68] . For the group PS L 2 (7), all BDAs in the 3-dimensional representation are listed as follows:
The elements in the first row are from the Z 7 subgroups, those in the second row from the Z 3 subgroups, and those in the last row from the Z 4 subgroups. Note that the obviously symmetric element S is in the last row, i.e., S = (T 2 S T 5 S T 2 ) 2 .
Mixing patterns from residual symmetries Z 2 × CP
Once the residual symmetries are fixed, the lepton mixing pattern could be obtained up to permutations of rows and columns. In the direct method, the mixing matrix is completely determined by the symmetries. In the semidirect method, only several elements of the matrix are certain because of degeneracy of the eigenvalues of the residual symmetries. We concern on the semidirect one in this paper. The residual symmetry is Z 2e × CP e , Z 2ν × CP ν in the charged leptons and neutrinos sector respectively. And the consistence equation is written as Xρ * (g e,ν )X * = ρ(g e,ν ), with g e,ν ∈ Z 2 .
Accordingly, the lepton mixing matrix U PMNS ≡ U + e U ν is obtained from the matrix [46] U e,ν = Ω e,ν O(θ e,ν )P e,ν ,
where R e,ν is a rotation matrix with an angle parameter θ e,ν , P e,ν is a phase matrix, i.e.,
Because P e gives nonphysical phases, it is omitted in the following sections.
Similar transformations
In order to obtain viable mixing patterns, all possible combinations of residual symmetries should be examined. However, if two combinations are related by a similarity transformation,
they would correspond to the same mixing matrix. Therefore, we could just examine those nonequivalent. In following sections, Z 2ν is fixed on the subgroup Z S 2 which is generated by the group element S . And the consistent GCP transformations for Z S 2 are listed as follows
where X 1 and X 2 correspond to the equivalent mixing patterns. So do X 3 and X 4 . Z 2e , X e can be 
Specially, V 1 is the identity matrix. So a general combination of the residual symmetries is of the
with j, k = 1, 3. The corresponding lepton mixing matrix is written as
with
, θ 2 = arcsin r 2 cos θ 1
where x 1 is a real root of the equation
x 1 ±0.449807.
III. RESULTS

A. Viable mixing matrices from combinations of residual symmetries
Given the recent global fit data of neutrino oscillations [65] , we examine the predictions of combinations of residual symmetries of the form (Z A i 2e , X e j (A i ), Z S 2ν , X νk (S )) with the χ 2 function defined as
where (sin 2 θ i j ) ex is the best fit data from Ref [65] , σ i j is the 1σ error. The viable combinations at the 3σ level (up to equivalent ones) are listed as follows.
Type Ia:
Type Ib:
Type Ib * :
Type IIa:
Type IIa * :
Type IIb:
Type IIb * :
The corresponding mixing matrices are dependent on permutations of rows and columns. For every combination, the matrix which fits the data best is listed as follows.
We note that the mixing matrices are paired by the complex conjugation except U Ia . The predictions of the matrices in a pair are identical except the signs of the CP phases. So we can consider U Ia , U Ib , U IIa , U IIb as representatives.
B. Mixing angles and CP invariants
Employing the parametrization defined as 
where s i j ≡ sin θ i j , c i j ≡ cos θ i j , δ is the Dirac CP violating phase, α and β are Majorana phases, we obtain lepton mixing angles and CP invariants J cp [69] , J 1 , J 2 which are defined as 
The concrete forms are listed as follows. 
The sign of J 1 , J 2 is uncertain. It is dependent on the index j, k in the diagonal phase matrix P ν .
C. Constraints on (θ e , θ ν ) and best fit data
The parameter spaces of (θ e , θ ν ) are shown in Figure 1 . The best fit data of lepton mixing angle and CP phases are listed in in Table II . We make some comments on the numerical results:
(i). In a period of the parameters (θ e , θ ν ), there are two best fit points for the mixing matrices U Ia , U Ib . For U Ib , these two points give the same magnitude of sin δ with different signs. For the mixing matrices U IIa , U IIb , there is only one best fit point in a period. And sin δ for them are both positive. Even so, U * IIa , U * IIb could give negative sin δ while the mixing angles are kept the same as those of U IIa , U IIb .
(ii). The best fit value of θ 23 from the global fit data [65] is in the second octant. Accordingly, our fit data is in the same octant. In the case of normal mass ordering, the best fit value of δ in U Ib and U * IIb could be around −0.3π. It is in the 1σ range of the global fit data. In the case of inverted mass ordering, the best fit value of δ in U * IIa is around −0.5π. It is also in the 1σ range of the global fit data.
IV. SUMMARY
The predictions of the residual symmetries which are Z 2 × CP from the group PS L 2 (7) with the GCP symmetry in both neutrinos and charged leptons sector are examined. Seven types of viable mixing patterns at the 3σ level of the global fit data are obtained. Among them, six types are paired by the complex conjugation. Three types of patterns can give the Dirac CP phase which is in the 1σ range of the global fit data.
